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Abstract This paper firstly works out basic difierential equations of piezoelectric

materials expressed in terms of potential functions，which are introduced in the very

beginning．These equations are primarily solved through Laplace transformation，semi-
infinite Fourier sine transformation and cosine transformation．Secondly，dual equations

of dynamic cracks problem in 2D piezoelectric materials are established with the help

of Fourier reverse transformation and the introduction of boundary conditions．Finally，

according to the character of the Bessel function and by making full use of the Abel

integral equation and its reverse transform，the dual equations are changed into the

second type of Fredholm integral equations．The investigation indicates that the study

approach taken is feasible and has potential to be an effective method to do research on

issues of this kind．
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Introduction

Notable achievements have been obtained in the field of static damage and fracture behavior

of piezoelectric materials，which iS easily concluded from representational investigations made

by Wangtl，引，Zhoul3J，and PakH，et a1．With more and more interest shown in this issue，

the dynamic fracture analysis of the piezoelectric medium has become a newly rising field．

Khutoryansky and Sosat5J．took the lead in providingthe governing equations and basic solutions

to the electro-elastic transient problem in the piezoelectric material．Hou[6J and Chen[7J．et a1．

investigated the transient response to anti—plane cracks in the piezoelectric medium．However．

for 3D or plane dynamic fracture mechanics problems in piezoelectric materials，the decoupled

analysis of the governing equations cannot be carried out because of the anisotropy of the

materials．Consequently，by introducing fuactions of displacement and electrical potential，this

paper investigates basic equations and dual equations of 2D dynamic problems in piezoelectric

materials and，in particular，explores several skills in working out their solutions．
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1 Expression of dynamic equation and potential function in piezoelectric

materials

It is assumed that plane xOy is anisotropic and the inertia force is considered without

any attention paid to the effect of body force and body charge．The constitutive equation of

piezoelectrics can be written as

盯巧=c巧％f佻!一e七巧眈， (1)

Dt=eikl"／kt+￡t≈取， (2)

where Ctj，etj and龟，are elastic constants，piezoelectric constants，and dielectric constants，

respectively；while ffij，"／ij，Di and易are the components of stress，strain，electric displacement

and electric field，respecitvely．The geometric equation is

mJ=(uj，t+Ui，j)／2，邑=一妒，i，

where"itt 5乱t x，Y，t)is the component of displacement functions；妒=妒(z，Y，t)is the

potential function．They are the function of X，Y and t．The governing equation is

％t，t=肚J，Dj，j=0．

『c11等蝴a等+cCl3-+-C44，丽02Uy+(e15刊磊叫。，
{c33等～鲁+cCl3-4-C44，丽C92Ux帕s象恫s雾叫”，
卜等托。鲁+cel5-I-e31，丽(02Ux咱-髻咱。雾姐

(3)

electric

(4)

(5)

The equations above are the coupled field ones of the 2D problem in isotropic piezoelectric

materials．in which the elastic displacement component uj=uj(x，Y，t)and electric potential

妒=妒(z，Y，t)are basic unknown variables．

We introduce potential functions呜(z，Y，t)and玛(z，Y，t)denoted by

0圣1．0圣2
uz 2瓦十百Oy’dZ

0圣1 0圣2

u掣2百一面’
aXl OX2

妒2百一面 (6)

Substituting Eq．(6)into Eq．(5)，two equations in terms of Cj(x，Y，t)and xj(z，Y，t)Can be

derived as

where

AjA面02圣j+BJ等=鸲，Ⅲ’2，
钆警怕s等=％鲁+K等，川㈡

A1=all e33￡11一e15E33)一(e15+ezl)[(2ca4+C13)Ell+e15(2e,5+e31)]，

A2=(e33￡11一e15E33)(Cll—c13一c44)一(e15+e31)(c44锄+else33)，
B1：(2C44+c13)(e33￡11一e15E33)一(e15+e31)(c33￡11+e33e15)，

B2。C44 e33911一e15E33)一(e15+e31)[(c33一c13一C44)￡33+(e33一e15一e31)e33]，

C1。『e33一e15一e31)￡11一e15e33]P，

C2=【e33Ell一(2e15+e31)E33]P，

U1 5 2e15-4-e31， Ⅵ=e33， ％=e15，％=e33一e15一e31．

(7a)

(7b)
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A --

For 2D Droblems in ordinary isotropic piezoelectric materials，the coefficients A1，B1 and C1

in Eq．f7a)are all positive or negative，SO are the coeffhcients A2，B2 and C2．It is concluded

that Ej．(ja)has the same form with the wave equation．Substituting Eq．(6)into Eqs．(1)(3)
the corresponding components of strain，electric field，stress and electric displacement are

％。：器+堕，一等一一C日2(I)2，％。=z丽02(I)l+可02圣2一一02圣20xOy OxOy Ox；％z 5丽+一，％掣2可一一’旷二丽十面 2’

02X1。02X2 F．a2X1 a2X2

石；丽十—否；r’DⅣ一一O—y2‘OxOy’
(9)

(10)

(11)

nom what was discussed above，it is concluded that solving the 2D dynamic problem in the

isotropic piezoelectric materials can be transformed into working for appropriate QJ(z，可，tJ and

Xi陬Y，t)to satisfy Eq．(7)．Then according to Eqs．(6)，(8)一(11)，the components ofthe coupled

fi≤lds can be obtained．It is certain that，for different problems，the initial conditions and the

boundarv condition8 still need to be considered．Therefore，the combination of Eqs．(7)and(6)
becomes the so-called general solutions to the potential functions of the 2D dynamic problem

in isotropic piezoelectric materials．Since圣j(X，Y，t)and叉J(z，Y，t)are required to satisfy

Eq．f7)，the elastic displacement function uj=uJ(X，Y，t)and the electric potential[unctlOn

cp=∞(z，"，t)obtained from Eq．(6)must satisfy the equation group【5)·

2 Coupled equations in problem of type I crack

Next．we will discuss the I-type crack problem in the piezoelectric material in terms of the

application of the approach mentioned above．Several assumptions are made tor this problem：

fil the z—axis is directed along the line of the crack；(ii)L=2a；(iii)the center of the crack IS

colncident with the coordinate origin；(iv)the medium is free of load at infinity,and the impact

load is imposed on the up surface as well as the down surface．Because of the symmetry,only

a auarter of the plane needs to be considered．The boundary conditions can be written as

(Tyy(z，0，t)=一aoH(t)，(Txy(z，0，t)=0，0<z<o，t>0，

DⅣx，0，t)=-Doll(t)，0<z<a，t>0，

t正掣(z，0，t)=0， 盯。掣(z，0，t)=0， z>a，t>0，

妒(z，0，t)=0， z>a，t>0，

吼f(z，Y，t)=0， at infinity，t>0，

Di(x，Y，t)=0， at infinity，t>0，

(12a)

(12b)

(13a)

(13b)

(14a)

(14b)

where日(t)is Heaviside unit—step function．It is assumed that the initial conditions of the

piezoelectric medium are

uj(x， =／ij(x，y，0)=0， (15a)
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妒(z，Y，0)=p(。，Y，0)=0 (15b)

For potential functions呜(z，Y，t)and玛(。，Y，￡)，both Laplace transformations and their

reverse transformations are made，while for the differential equation group(7)only Laplace

transform is performed．According to the initial condition(15)，we can derive

山警+岛等=∥啄川12，
印警怕。等：％筹+巧等，J乩2日1帚托33帚2％帚+巧帚，_1，2

(16a)

(16b)

As the problem is symmetric and the electric potential function is a scalar one，the potential
functions have following properties：

圣1(X，Y，t)=(I)l(--X，Y，t)，

X1(X，Y，t)=xl(一z，Y，t)，

圣2(z，Y，t)=一西2(一z，Y，t)；

X2(x，Y，t)=一恐(一z，Y，￡)．

For the equation group(16)，Fourier cosine transformation is made when J=1，while Fourier

sine transform is made when J=2．Thus，the following equations can be obtained：

BJ第叫js2-}-咿廊_0，川，2，‰可02f(；--Ells2霉=继垫产嘭，j=1,2 (17a)

(17b)

By applying the boundary conditions at infinite，西；(s，秒，P)and碍s，可，P)can be evaluated as

follows：
。

where

=Fj s，P)exp(一wjy)，J=1，2，

=e(s，P)exp(一Ay)-4-gj(s，p)乃(s，P)exp(-wjy)，J=1，2，

uJ
2

马(s，P)=

，A=诉i巧瓦，

(K田一％s2)／(￡33田一gll82)．

(18)

．Fourier
cosine reverse transformations are made for the image functions墨i(s，y,p)and

x；(s，可，P)in Eq．(18)，and at the same time，Fourier sine reverse transformations are made for

the image functions圣；(s，可，P)and辫(s，剪，p)．After these steps，we have

f圣i(zmp)：
{
I圣；(。，可，P)=
＼

f碍(zmp)：
{
I xi(x，∥，p)=
～

F1(s，P)exp(-wly)cos(sx)ds，

F2(s，P)exp(--w2y)sin(sx)ds，

要Z。。【G(s，p)exp(_训+日1(s，p)F1(s，p)exp(-Ⅷ)】cos(s州s，
昙Z。。[G(s，p)eXp(一训+日2(s，p)F2(s，p)exp(一喇)】sin(叫ds-

(19)

(20)

力彩

玑

y㈠0嘭．碍，●●』、【
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Z2一丌2一丌
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Dual equations of I-type crack in piezoelectric materials

Making Laplace transformations for the boundary conditions(12)and(13)，we can obtain

盯；可x，o，P)=一ao／p， O"x+g(z，o，P)=0，0<z<a，

D；(z，o，P)=一Do／p，0<z<a，

uy(x，o，P)=0，盯：!，(z，o，P)=0， z>a，

妒+(z，o，P)=0， z>a．

(21a)

(21b)

(22a)

(22b)

We make Laplace transformations for Eq．(6)and Eqs．(8)一(11)，and then substitute Eqs．(19)
and(20)into them．By applying the symmetry and the boundary condition O"x+Ⅳ(z，o，P)=0，
一∞<z<+。。．we can obtainG(s，p)=一业地丛杀警幽 C44[28021F1(8，P)+(u；+82)F2(s，p)]

e15s(A+s1
‘

(23)

According to the boundary conditions u；(z，o，P)=0，妒+x，o，P)=0，X>a，we can obtain

，o。

／ 【021Fl(s，P)+sF2(s，p)】cos(sx)ds=0， z>n，
J0

(24a)

【入G(s，P)+021H1(s，p)F1(s，P)+sG(s，P)+sH2(s，p)F2(s，p)]cos(sx)ds，X>a． (24b)

Substituting Eq．(23)into Eq．(24b)and comparing with Eq．(24a)，we can obtain

，o。

／ [“21Fl(s，P)+u；s-1F2(s，p)】cos(sx)ds=0， z>o

J0
(25)

According to the boundary conditions O'y‘Ⅳx，o，P)=一ao／p，瞒(z，o，P)=一Do／p，0<z<o
and Eq．(23)，we can get

where

po。

／ITll(s，p)FI(s)p)+正2(s，p)F2(J0 s，p)】cos(sz)如=等，o<z<。，二一

厂。。[，(s，)+ ， ，动】 =百7rDoT2l(sp)Yl P T22(s p)F2(s cos(sx)ds
n1-10J0 P，。<z<。，

／[ ， (s，)+ ， ，p)】 =i_，o<z<o，
二

乃1(s，P)=C1382一C3302；一e33u1(021一A)H1 s，P)+2

T12(s，P)= (C13一C33)8022一e338(022一入)岛(s，P)+

c44e33e118021，

c44e33e若(u；+s2)，

T2：(s，P)=e3182一e3302}+￡33021(021一入)日1(s，P)一2瓜c44e118021，
T22(s，P)=(e31一e33)s022+E338(022一A)％(s，P)一、／可而c44e11(u；+s2)．

(26)

Consequently，solving such a problem can be transformed into searching for Fj s，P)to satisfy

the coupled integral equations(24a)，(25)and(26)．

3 Solutions of dual integral equations

Wb assume that

I gl(s，P)=u1 Fl(s，P)+sF2 s，p)，

I 92(s，P)=021Fl(S，P)+∽；s-1F2(s，P)
(27)
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Then，we can obtain

F1 s，P)

F2 s，P)

s292(s，P)一0329l(S，P)
Wl(S2一u；)

’

sgl(s，P)一s92(s，P)
S2一u；

(28)

Substituting cos(sx)_、衲一1／2(sz)，Eqs．(27)and(28)into Eqs．(24a)，(25)and(26)，the
following dual integral equations can be derived：

v／Sgl(8，p)J一1／2(sx)ds=0，z>a

v石92(s，p)J一1／2(sx)ds=0，z>o，

82[mllgl(s，P)+m1292(s，p)】J 1／2ds=T10(x)，0<X<a

82[m2191(s，p)+m2292(s，p)]J一1／2ds=乃o(z)，0<z<o，

where Jp sx)is the∥一order Bessel function，while

酬=急，酬=篙，啪一小∽=警寒学，m以帅，=笺筹誉妒，
m21(s，P)=

tl(X)

T22(s，p)WlS—T21(s，p)u；
0318(82一u；)咖

and t2(x)are expressed as

：n。(z)+厂。o
J0

：疋。(z)+厂。。
J0

，m22(s，P)=

82[(()((c1／A，)Ⅲ／施)

82[((x(C2／A2)Ⅲ／西)

T21(s，p)s—T22(s，p)wl
wl(s2一u；)∥

(29)

(30)

1一m11)gl(s，p)一m1292(s，p)】J一1／2(sx)ds，

1一m22)92(s，p)一m219l(s，p)】J一1／2(sx)ds，

where)(must be a positive constant．Substituting Eq．(31)into Eq．(30)，we can obtain

S29l(8，p)J一1／2(sx)dx=tl(x)x(C1／A1)1／4沂，0<。<n，
，o。

／8292(s，p)J一1／2(sx)dx=t2(x)x(C2／A2)1／4西，o<z<n
J0

(31)

(32)

The unknown functions gl(S，P)and 92(s，P)are expressed as the integral of the new unknown

functions咖1(∈，P)and≯2(∈，P)as follows：

咖∽=筹s_1／4／01旗绯，p)J1／4∞淞，
where西l(∈，P)and咖2(∈，P)must satisfy

∈l。im。+∈一1奶(∈，p)=0

(33)

(34)

∞

∞

∞

∞
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Z
Z
Z，●●●，、●【，●●●，、●●L
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Dual equations of I-type crack in piezoelectric materials 737

The disconnected integral formulas of Bessel function are as follows[8】

JA(r∈)J“(b∈)∈1+p—A必=0，0<r<b，

JA(r∈)J肛(6∈)∈1+p—Ad芒=
6p(r2一b2)A—p一1
2A—p一1r^r(入一p)’

0<b<r．

(35a)

(35b)

where r(z)is F function and入>p>一1 must be satisfied．Substituting Eq．(33)into Eq．(29)
and changing the integral order，we can obtain

v石gj(8，p)J一1／2(sx)ds=

p∞

诓奶(∈，p)／sl／4J1／4(sn∈)J一1／2(sx)dsd∈
J0

According to the disconnected integral formulas of Eq．(35)，the equation above equals zero．

So Eq．(29)can be satisfied automatically．By applying the differential formula of the Bessel

function[9|，

芝旷‰(训=一z1¨，(巩
the subsection integral is made for the right side of Eq．(33)．Because of Eq．(34)，the following

equation can be derived：

gj(s，P)=一
7rn

285／4P 矧1)p)J-3／4(0s)一似∈)3／4J_3／4(域)丢[瓮努Ida}J0 o“～ ～uo～，’

Substituting the equation above into Eq．(32)and applying the disconnected formulas of Eq．(35)，
the Abel-type integral equation is derived as

tj(x，=高褊 x／a 1

(z2一02∈2)3／4 丢阵t／4咖(∈，p)]必(。<∈<。／n)．(36)
By using the Abel-type integral equation and its reversP transformation formula[10】and speci—

fying

㈨=—(2Cj丽)I／4≯xp3矿／2y'(1／4)屯(z)=
r(∈)can be expressed as

r@)=
一2 sin(-37r／4)

7r

Consequently,we can obtain

奶(∈，P)=

d

武

zla

(。i’ n2∈2)3／4 拳。／4姒洲必，

(n2∈2_X2)州z㈨如=蘸d畦一1／4奶(㈡】

(∈q)1／423／4XP3／2F(U2)

faAj)1／47r2 E器妇．
Substituting Eq．(31)into Eq．(37)and specifying

p1=[(∈q1∥423／4XP3／2r(1／2／[(aAj)Ⅲ／7r2】，

we can obtain

奶(∈，P)=卢1 ／0。‘
v伍[Tlo(X)+譬82[((x(C1／A1)川／x／

(n2∈2

1—1一m11)91

(37)

一m1292]J一1／2(sx)ds]，一CCZ．．／；2)1／4
(38a)

∞

∞
Z
Z

，，协丝助
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Making the integral and subsection integral for the right side of Eq．(38a)and using identical

equation
：

Z0t xV+lJucsz，志 =2。一1r(Q)s’_。ta+vJ。+。(st)， F(1／2)=7r，

second type Fredholm integral equations can be obtained as follows：

咖1@，P)+／[KII咖I(卵，P)+K12≯2(叩，p)ld叩=0．454a1／4∈3／40-0，
J0

如(≤，P)+／【K21≯l(n，P)+K22≯2(77，p)】d卵=0．454a1／4专3／4Do，
J0

where the integrants KO of the integral equations are

K11(∈，rl，P)

K12(∈，叩，P)

：0．489a2V／-石厂。。
J0

：0．489。。俩厂。。
J0

K21(毒，叩，P)=0．489a2厕／
J0

，o。

K22(∈，叩，P)=0．489a2厕／

(38b)

s[m11(s，p)一(x(C1／A])1／4讵)一1】J1／4(so∈)J1／4(sarl)ds

8m12(S，p)J1／4(so∈)J1／4(so卵)dS

sin21(8，p)J1／4(sn毒)J1／4(so叩)ds，

st⋯，22(s，p)一(x(Cz／A2)1／4伽)一1]J1／4(so∈)J1／4(say)ds

(39)

Changing Eq．(39)into algebraic equations and solving them by Matlab program，functions
can be derived．The detail solution process is shown in Ref．[1 1]．

4 Conclusion

The reference 12l has indicated the existing mathematics problem in the integral transform
of the dynamic crack for ordinary materials．This paper Successfully resolved the problem，and
at the same time，developed a kind of approach to solve such problems．

In this paper，the basic equations of dynamic problems in piezoelectric materials are ex-

pressed by three introduced potential functions，and the differential equations aresolved through

Laplace transformation and Fourier transformation，which are based on mature and meticulous
mathematical theories and methods．Coupled integral equations of the dynamic problem are

established for the type I crack under the impact load in piezoelectric materials，and the ap—

proach to changing coupled integral equations into second type Fredholm ones iS investigated
in detail．The approach presented in this Paper was determined to be feasible and expected to

be used to study the dynamic crack problem in piezoelectric materials．
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